In this note we introduce a one-parameter family of homogeneous means strictly related to ellipses. Each member of the family is a weighted power mean, and only one of them is both symmetric and quasi-arithmetic. Geometric interpretations are given, and higher-dimensional counterparts of these means are defined. Iterations of some mean-type mappings and some functional equations are considered.
Introduction
Let I & R be an interval and k 2 N, k !2, fixed. A function M: I k ! R is said to be a mean if minðx 1 ;...; x k Þ Mðx 1 ;...; x k Þ maxðx 1 ; ...;x k Þ; x 1 ; ...;x k 2 I:
A mean M is called strict if minðx 1 ; . . . ; x k Þ< maxðx 1 ; . . . ; x k Þ implies that the above inequalities are strict, and M is called symmetric if, for every permutation : f1; . . . ; kg ! f1; . . . ; kg; Mðx 1 ; . . . ; x k Þ ¼ Mðx ð1Þ ; . . . ; x ðkÞ Þ; x 1 ; . . . ; x k 2 I:
For any continuous and strictly monotonic function ': I ! R and a sequence w ¼ ðw 1 ; . . . ; w k Þ, w 1 >0; . . . ; w k >0, w 1 þ Á Á Á is a strict mean, and it is called a weighted quasi-arithmetic mean.
The function ' is referred to as a generator of the mean M ' k;w and the numbers w 1 ; . . . ; w k as its weights. [2] , p. 68) that a weighted quasi-arithmetic mean is homogeneous iff it is a weighted power mean, that is, there is an r 2 R such that M ½'
In this note we show that the means M In the first four sections we distinguish them by suitable symbols and formulate some of their properties as Propositions. In Section 5 we apply these Propositions to find all continuous solutions of a functional equation involving these means, closely related to the iteration of mean-type mappings.
Elliptic Means
We begin this section with the following quickly verifiable Remark 1. Let p>0 be fixed. Then the function E p : ð0; 1Þ 2 ! ð0; 1Þ,
We call the means E p elliptic which is justified by the following Geometric Interpretation. Consider an ellipse given by the equation
where a; b>0, and take an arbitrary p>0. It may be shown that the length jOPj, where O is the center of the ellipse and P is the intersection point of the ellipse and the half-line
is given by jOPj ¼ E p ða; bÞ:
1. For every p>0, E p is a weighted power mean M ½À2 2;w with weights
in particular, it is homogeneous, and the function 'ðtÞ ¼ t À2 ðt >0Þ is a generator of this mean.
2. E p is symmetric iff p ¼ 1; 3. E p is quasi-arithmetic iff p ¼ 1; moreover,
4. For every p>0, E p is G 2 -conjugate to the weighted square-root mean M ½2 2;w Ã with weights Proof. Parts 1-3 and 5 are not hard to verify. Part 4 is a consequence of some more general facts (the conjugate and invariant means were considered in [5] and [6] , cf. also [1] 
s is a mean. E p;q can be called an ellipsoidal mean because of the following Geometric Interpretation. Consider an ellipsoid given by the equation for some arbitrary p; q>0. Calculations show that E p;q ða; b; cÞ is the length jOPj where O is the center of the ellipsoid and P is the point of intersection of the ellipsoid and the half-line.
Proposition 2.
1. For all p; q>0, E p;q is a weighted power mean M ½À2 3;w with weights
in particular, it is homogeneous, and the function 'ðtÞ ¼ t
À2
ðt >0Þ is a generator of this mean. 2. E p;q is symmetric iff p ¼ q ¼ 1; 3. E p;q is quasi-arithmetic iff p ¼ q ¼ 1; moreover, 
is a mean. This mean may be referred to as k-dimensional ellipsoidal mean by an analogous geometric interpretation as in the previous cases. 
